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Abstract

The simultaneous radiation and conduction heat transfer in a semitransparent slab of absorbing–emitting gray

medium is solved in this paper. The refractive index of the medium spatially varies in a linear relationship, and the two

boundary walls are diffuse and gray. A curved ray tracing technique in combination with a pseudo-source adding

method is employed to deduce the radiative intensities on gray walls. Resorting to some of the results presented by Ben

Abdallah and Le Dez, an exact expression of the radiative flux in medium is deduced. The influences on the temperature

and radiative flux fields are examined, which are caused by the refractive index distribution, absorbing coefficient,

thermal conductivity and the boundary wall emissivities. The results display the significant influences of the refractive

index distribution and boundary wall emissivities on the radiative flux and temperature in medium. � 2002 Published

by Elsevier Science Ltd.
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1. Introduction

The refractive index has significant influences on the raditive transfer in medium. Spuckler and Siegel [1–3] analyzed

the refractive index effects on the radiative transfer in a single layer of semitransparent medium and in multilayered

regions. Tan and Wang et al. [4] investigated the coupled radiation and conduction heat transfer in a composite of

several semitransparent layers, each with respective constant refractive index. The material structure, the thermal effect

and some others can result in inhomogeneous refractive index distribution in medium, which is usually called the graded

index (GRIN), and often plays important part effect on the phenomena and physical process [5]. Recently, Ben

Abdallah and Le Dez [6,7] investigated the radiative transfer and the combined radiative and conductive heat transfer in

a GRIN semitransparent slab, they developed a curved ray tracing technique to analyze the radiative transfer inside the

medium with two black walls. The temperature and heat flux distributions are reported to show that the GRIN in a

semitransparent medium can greatly influence the inside temperature distribution and heat flux field, as well as the

apparent emission emerging from its surface [8,9].

In this paper, the pseudo-source adding method [10] is employed in combination with the curved ray tracing

technique to solve the radiative transfer in medium characterized by a linear refractive index distribution. Instead of

black boundaries, two diffuse and gray walls are considered. And resorting to some investigation results reported by

Ben Abdallah and Le Dez [8,9], the temperature and radiative flux distributions inside an absorbing–emitting slab of

GRIN gray medium are solved for the simultaneous radiation and conduction heat transfer.
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2. Geometrical and physical model

Consider an infinite parallel plane slab of absorbing–emitting but nonscattering gray medium of thickness d, as

illustrated in Fig. 1. The emissivities of the two diffuse gray boundary walls are e1 and e2, and the temperatures are Tb1
and Tb2, respectively. The medium is characterized by a constant absorption coefficient j and a refractive index nðzÞ
spatially varying in a linear relationship below.

nðzÞ ¼ n2 þ ðn1 � n2Þz=d; ð1Þ

where n1 and n2 are refractive index values of the medium adjacent to the two boundary walls, respectively.

A steady-state temperature field T ðxÞ in medium, caused by the simultaneous radiation and conduction heat transfer,
is considered only for the case of n1 > n2 below, but the results will be also valid for the case of n1 < n2.

Nomenclature

ak reduced refractive index at upside of mesh k,

ak ¼ 1
2
ð�nnk þ �nnkþ1Þ

Ak coefficients for discretization

bk reduced refractive index at downside of mesh

k, bk ¼ 1
2
ð�nnk þ �nnk�1Þ

Bkj, B0
kj coefficients for discretization

Ck coefficients for discretization

d slab thickness, m

EnðxÞ nth-order exponential integral function

I radiative intensity, W=m2 sr

Im radiative intensity of medium, W=m2 sr

k influence factor

K process extinction coefficient

n refractive index

�nn reduced refractive index, �nnðzÞ ¼ nðzÞ=n2
N number of meshes

q heat flux density, W=m2

s spatial position

T temperature, K

z space coordinate, m

Greek symbols

e emissivity of boundary wall

f polar angle

j absorption coefficient, m�1

k conductivity, W/m K

l directional cosine

n incident angle on boundary 2

n0 incident angle on boundary 1

r Stefan–Boltzmann constant, W=m2 K4

�ss generalized optical thickness, �ss ¼ ðjdn2Þ=
ðn1 � n2Þ

X spatial direction

Superscripts and subscripts

+, ) direction from boundary 1 to boundary 2

(+) or from boundary 2 to boundary 1 ())
1, 2 boundary 1, boundary 2

b boundary wall, or black body

c conduction

j, k mesh order

p pseudo-source

r radiation

Fig. 1. Schematic diagram of geometrical and physical model.
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3. Radiative flux in medium

3.1. Radiative flux in medium with black boundaries

The radiative flux inside the medium can be expressed as

qrðsÞ ¼
Z

X¼4p
Imðs;XÞXdX; ð2Þ

where Imðs;XÞ is the radiative intensity of medium at position s and in direction X. For a one-dimensional infinite slab,
the azimuthal symmetry leads toZ

X¼2p
Imðs;XÞXdX ¼ 2p

Z 1

l¼0
Imðz; lÞ½ � Imðz;� lÞ�ldl; ð3Þ

where l ¼ cos f is the cosine of the angle between the z-axis and the propagating direction of the radiation intensity.
For a slab of medium with black boundaries and a linear refractive index distribution, the incoming intensities at a

point z inside the medium have been derived by Ben Abdallah and Le Dez [7]. And an exact expression for the radiative

flux inside the medium was obtained [9] as
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where T is the absolute temperature, �nnðzÞ ¼ nðzÞ=n2 is the reduced refractive index and �ss ¼ ðjdn2Þ=ðn1 � n2Þ is the
generalized optical thickness.

If two temperatures Tp1 and Tp2, determined by considering the gray boundary effect, are employed to replace the
boundary temperatures Tb1 and Tb2 in Eq. (4), then the expression will be valid for a slab of medium with a linear

refractive index distribution and gray boundaries.
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3.2. Radiative intensities leaving gray boundary walls

The radiative intensity leaving a gray boundary is the combination of the wall emission and reflection. The pseudo-

source adding method can be employed to solve the radiative intensity leaving a gray boundary.

3.2.1. Radiative intensities Iþðd; n0Þ and I�ð0; nÞ
We introduce Iþðd; n0Þ and I�ð0; nÞ to represent the respective radiative intensities incoming on boundary 1 and

boundary 2, without considering the emission or reflection of the boundary walls are included. The symbols n0 and n
denote the incident angles on boundary 1 and boundary 2, respectively.

The radiative transfer equation in a GRIN medium is

d

ds
Iðs;XÞ
n2ðsÞ

� �
þ jðsÞ Iðs;XÞ

n2ðsÞ ¼ jðsÞIbðsÞ: ð5Þ

For a ray originating from a point of z ¼ 0, the curvilinear abscissa on its trajectory is [8]

sðzÞ ¼ d
n1 � n2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2ðzÞ � n2 sin

2 n
q�

� n2 cos n
�
¼ �ss

j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�nn2ðzÞ � sin2 n

q�
� cos n

�
; ð6Þ

where �ss ¼ sn2=ðn1 � n2Þ ¼ jdn2=ðn1 � n2Þ and �nnðzÞ ¼ nðzÞ=n2. Hence,

ds ¼ �nnðzÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�nn2ðzÞ � sin2 n

q dz: ð7Þ

While for that originating from a point of z ¼ d, the curvilinear abscissa on the trajectory is

sðzÞ ¼ d
n1 � n2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2ðzÞ � n1 sin

2 n0
q�

� n1 cos n
0
�
¼ �ss

j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�nn2ðzÞ � �nn2ðdÞ sin2 n0

q�
� �nnðdÞ cos n0

�
: ð8Þ

So,

ds ¼ �nnðzÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�nn2ðzÞ � �nnðdÞ sin2 n0

q dz: ð9Þ

Integrating Eq. (5) and considering Eqs. (6) and (7), we have

I�ð0; nÞ ¼ n22

Z sðdÞ

0

jðsÞIbðsÞ exp
�
�
Z s

0

jðs0Þds0
�
ds ¼ jn22

Z d

0

�nnðzÞIbðzÞ
exp �ss cos n � �ss

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�nn2ðzÞ � sin2 n

q� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�nn2ðzÞ � sin2 n

q dz: ð10Þ

For a ray incidence on boundary 1, if n0
6 arcsinðn2=n1Þ, boundary 2 can be reached by tracing its trajectory in the

reverse direction. Integrating Eq. (5) and utilizing Eqs. (8) and (9), it can give

Iþðd; n0Þ ¼ n21

Z sðdÞ

sð0Þ
jðsÞIbðsÞ exp

�
�
Z sðdÞ

s
jðs0Þds0

�
ds

¼ jn21

Z d

0

�nnðzÞIbðzÞ
exp � �ss�nnðdÞ cos n0 þ �ss

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�nn2ðzÞ � �nn2ðdÞ sin2 n0

q� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�nn2ðzÞ � �nn2ðdÞ sin2 n0

q dz: ð11Þ

However, when n0 > arcsinðn2=n1Þ, tracing its trajectory in the reverse direction can return back to boundary 1 instead
of boundary 2, because of the total reflection at point z
 ¼ ð�ss=jÞ½1� �nnðdÞ sin n0�. By integrating Eq. (5) with considering
the integral limit change and utilizing Eqs. (8) and (9), it can be deduced as
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Iþðd; n0Þ ¼ n21

Z sðdÞ
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�nn2ðzÞ � �nn2ðdÞ sin2 n0

q dz: ð12Þ

3.2.2. Combined radiative intensity

The reflected radiation energy on a diffuse gray boundary wall, will act in combination with the emitted energy from

it. The combined radiative intensities I0p1 and I0p2 are introduced for two boundaries 1 and 2, respectively.
Integrating Iþðd; n0Þ over the hemispherical space to get the total incident energy on boundary 1, and the combined

radiative intensity I0p1 can be expressed as

I0p1 ¼ 2ð1� e1Þ
Z p=2

0
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and the relationship between z and l can lead to a transformation, which is
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Hence, Eq. (13) can be rewritten as
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p� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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p dldz
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Similarly, integrating I�ð0; nÞ over the hemispherical space, the total incidence energy on boundary 2 can be obtained
and the combined radiative intensity will be

I0p2 ¼ 2ð1� e2Þ
Z p=2

0

I�ð0; nÞ sin n cos ndn þ n22e2rT
4
t2

¼ 2ð1� e2Þn22

Z 1

0

Z d

0
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exp �ssl � �ss
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p dzdl þ n22e2rT
4
t2=p: ð16Þ

By the above deductions, the medium emission has been transformed to be included in the combined radiation from the

two boundaries. Thus, the absorbing–emitting medium can be dealt with as an absorbing one in the following way.

3.2.3. The first pseudo-source intensity

The combined radiative intensity I0p2 from boundary 2 propagates through the medium to reach boundary 1, and

then is reflected there. On boundary 1, the reflected intensity will act together with the combined radiative intensity I0p1,
their sum is denoted by I1p1 and named as the first pseudo-source intensity from boundary 1. Similarly, the combined

radiative intensity I0p1 from boundary 1 propagates through the medium to reach boundary 2 and then is reflected. The

sum of the reflected intensity and the combined radiative intensity I0p2 on boundary 2 is denoted by I1p2 and named as
the first pseudo-source intensity from boundary 2. Then, the following expressions can be found:

I1p1 ¼ I0p1 þ I0p2k2ð1� e1Þ; ð17Þ

I1p2 ¼ I0p2 þ I0p1k1ð1� e2Þ; ð18Þ

where k1 and k2 are the influencing factors of the two boundary walls, as
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The two formulae above can be finally reduced as

k2 ¼
�nn2ðdÞ þ 1
h i2

2
E3 �ss�nnðdÞ
h

� �ss
i
� �nn2ðdÞ � 1

2
E3 �ss

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�nn2ðdÞ � 1

p� �
þ �ss

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�nn2ðdÞ � 1

p
þ 1

2�ss2
e��ss

ffiffiffiffiffiffiffiffiffiffiffiffi
�nn2ðdÞ�1

p

�
�ss �nnðdÞ � 1
h i

þ 1

2�ss2
e��ss �nnðdÞ�1½ �; ð21Þ

k1 ¼ ðk2=�nn2ðdÞÞ 1

8>><
>>:

,
� ð1� e1Þ

1� 1þ 2�ss
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�nn2ðdÞ � 1

p� �
e�2�ss

ffiffiffiffiffiffiffiffiffiffiffiffi
�nn2ðdÞ�1

p

2�ss2�nn2ðdÞ

9>>=
>>;; ð22Þ

where EnðxÞ is a nth-order exponential integral function.

3.2.4. Radiative intensities leaving gray boundary walls

The radiative energy leaving a boundary wall can partly return back to it after propagating through the medium and

being reflected by the other boundary. A process extinction coefficient, k, is introduced here to represent the quotient of
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the returning energy to that leaving a boundary, i.e., K1 and K2 for boundary 1 and boundary 2, respectively. The

following expressions can be derive for them:

K1 ¼ ð1� e2Þk22=�nn2ðdÞ þ
Z p=2

arcsinðn2=n1Þ
2 exp

"
� 2

Z sðdÞ

sðz
Þ
jðsÞds

#
sin n0 cos n0 dn0

¼ ð1� e2Þk22=�nn2ðdÞ þ
Z p=2

arcsinðn2=n1Þ
2 exp

h
� 2�ss�nnðdÞ cos n0

i
sin n0 cos n0 dn0

¼ ð1� e2Þk22=�nn2ðdÞ þ
Z ffiffiffiffiffiffiffiffiffi

�nn2ðdÞ�1
p

�nnðdÞ

0

2l exp
h
� 2�ss�nnðdÞl

i
dl

¼ ð1� e2Þk22=�nn2ðdÞ þ
1� 1þ 2�ss

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�nn2ðdÞ � 1

p� �
e�2�ss

ffiffiffiffiffiffiffiffiffiffiffiffi
�nn2ðdÞ�1

p

2�ss2�nn2ðdÞ ; ð23Þ

K2 ¼
ð1� e1Þk22=�nn2ðdÞ

1� ð1� e1Þ
R p=2
arcsinðn2=n2Þ 2 exp � 2

R sðdÞ
sðz
Þ jðsÞds

h i
sin n0 cos n0 dn0

¼ ð1� e1Þk22=�nn2ðdÞ

1� ð1� e1Þ
R ffiffiffiffiffiffiffiffiffi

�nn2ðdÞ�1
p

�nnðdÞ
0 2l exp � 2�ss�nnðdÞl

h i
dl

¼ ð1� e1Þk22=�nn2ðdÞ

1� ð1� e1Þ
1� 1þ2�ss

ffiffiffiffiffiffiffiffiffiffiffiffi
�nn2ðdÞ�1

ph i
e
�2�ss

ffiffiffiffiffiffiffiffiffi
�nn2ðdÞ�1

p

2�ss2�nn2ðdÞ

: ð24Þ

The radiative intensity leaving a boundary wall is the comprehensive contributions of medium emission and ab-

sorption as well as the boundary wall emission and reflection. I1 and I2 are introduced to denote the radiative intensities
leaving the two boundaries, respectively, and we have

I1 ¼
I1p1

1� K1ð1� e1Þ
; ð25Þ

I2 ¼
I1p2

1� K2ð1� e2Þ
: ð26Þ

The radiative intensities I1 and I2 can be regarded as that emitted from two pseudo-black walls with temperatures of Tp1
and Tp2, respectively, which are

Tp1 ¼
ffiffiffiffiffiffiffi
pI1
rn21

4

s
; ð27Þ

Tp2 ¼
ffiffiffiffiffiffiffi
pI2
rn22

4

s
: ð28Þ

3.3. Solution to radiative flux in medium

The medium is cut out into isothermal slices labeled k, of equal depth Dz and with center zk , for 26 k6N � 1, N

being the total number of meshes (gray interfaces included), as illustrated in Fig. 2. Thus, I0p1 can be exactly calculated
for a linear refractive index, leading to the formal expression

I0p1 ¼
n21r
p

XN
k¼1

AkT 4k ; ð29Þ

where T1 ¼ Tb2, TN ¼ Tb1, A1 ¼ 0 and AN ¼ e1. For 26 k6N � 1, Ak is
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Ak ¼ 2ð1� e1Þ �ssE3 �ssð�nnd
h

8>><
>>: � akÞ

i
� �ssE3 �ssð�nnd

h
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i
�
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h i

� E5 �ssð�nnd � bkÞ
h i
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h i
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p
Þ

� �
�
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p
þ
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p
Þ

� �
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9>>=
>>;; ð30Þ

where �nnk is the refractive index value at the center of mesh k, and ak ¼ 1
2
ð�nnk þ �nnkþ1Þ, bk ¼ 1

2
ð�nnk þ �nnk�1Þ.

Similarly, I0p2 can be expressed as

I0p2 ¼
n22r
p

XN
k¼1

CkT 4k ; ð31Þ

where T1 ¼ Tt2, TN ¼ Tt1, C1 ¼ e2, CN ¼ 0. And for 26 k6N � 1, Ck is

Ck ¼ 2ð1� e2Þ
ðak � 1ÞE4 �ssðak � 1Þ

h i
� ðbk � 1ÞE4 �ssðbk � 1Þ

h i
�ss

8<
: � akE3 �ssðak

h
� 1Þ

i
þ bkE3 �ssðbk

h
� 1Þ

i

þ
E5 �ssðak � 1Þ
h i

� E5 �ssðbk � 1Þ
h i

�ss2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
a2k � 1

p
E4 �ss

ffiffiffiffiffiffiffiffiffiffiffiffiffi
a2k � 1

p !
�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
b2k � 1

p
E4 �ss

ffiffiffiffiffiffiffiffiffiffiffiffiffi
b2k � 1

p !
�ss

�
E5 �ss

ffiffiffiffiffiffiffiffiffiffiffiffiffi
a2k � 1

p !
� E5 �ss
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p !
�ss2

9=
;: ð32Þ

Fig. 2. Discretization of the slab.
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The solutions could be obtained from Eqs. (29) and (31) as

T 4p1 ¼
XN
k¼1

Ak þ Ckð1� e1Þk2=�nn2ðdÞ
1� K1ð1� e1Þ

T 4k ; ð33Þ

T 4p2 ¼
XN
k¼1

Ck þ Akð1� e2Þk1�nn2ðdÞ
1� K2ð1� e2Þ

T 4k : ð34Þ

For a constant refractive index, the following expressions can be derived:

Ak ¼ 2ð1� e1Þ E3 jd
�"

� j k
�

þ 1

2

�
Dz
�
� E3 jd

�
� j k
�

� 1

2

�
Dz
�#

; ð35Þ

Ck ¼ 2ð1� e2Þ E3 j k
��"

� 1

2

�
Dz
�
� E3 j k

��
þ 1

2

�
Dz
�#

; ð36Þ

k1 ¼ k2 ¼ 2E3ðjdÞ; ð37Þ

K1 ¼ 4ð1� e2ÞE23ðjdÞ; ð38Þ

K2 ¼ 4ð1� e1ÞE23ðjdÞ: ð39Þ

In the medium with a linear refractive index, the radiative flux at point zj would be given as

qj ¼ 2rn2j
XN
k¼1

B0
kjT

4
k ; ð40Þ

where T1 ¼ Tp2, TN ¼ Tp1. And it can also be written as

qj ¼
XN�1

k¼2
B0
kj

 
þ B0

1jC
0
k þ B0

NjA
0
k

!
T 4k þ ðB0

1jC
0
1 þ B0

NjA
0
1ÞT 4b2 þ ðB0

1jC
0
N þ B0

NjA
0
N ÞT 4b1: ð41Þ

For the case of a linear refractive index, B0
kj has been deduced in [6].

3.4. Results and discussion on radiative flux at radiative equilibrium

The results of radiative flux at radiative equilibrium are presented in a reduced form as qr ¼ 4qj=ðn1 þ n2Þ2 for a
linear refractive index distribution or qr ¼ qj=n2 for constant refractive index [6]. The results of reduced radiative flux in
medium with a constant optical thickness and black boundaries are shown in Fig. 3, wherein eight linear refractive

index distributions and a constant one are considered. It should be pointed out that the results for the linear refractive

index distribution of n1 ¼ 1:8, n2 ¼ 1:2 and for a constant refractive index have also been presented in [6]. The cor-
responding results in this paper and that reported in [6] exactly agree with each other. It is easy to see, in Fig. 3, that the

radiative flux inside a one-dimensional semitransparent slab is significantly influenced by the refractive index distri-

bution, but with a linear refractive index, it keeps constant for the fixed values of n1 and n2, and does not change when
the values of n1 and n2 are interchanged.

The influences of optical thickness jd and the boundary emissivities on the radiative flux at radiative equilibrium are

shown in Fig. 4. The results for both of the linear refractive indexes and the corresponding constant refractive index are

shown in Fig. 4. Comparisons with the results in [6] are presented in Fig. 4(a) for black boundaries considered, and

exact agreements are shown for the cases of jd ¼ 0:01; 0:1; 1 and 10. The radiative flux monotonously decreases with
increasing optical thickness, the refractive index being constant or linearly distributed, and it is independent of

boundary emissivities. For any optical thickness, however, the radiative flux can be greatly influenced by the refractive

index, and the effect of refractive index closely relates to the two boundary emissivities. When the two boundary

emissivities are same, see Figs. 4(b) and (c), the radiative flux keeps constant as the values of n1 and n2 of a linear
refractive index distribution are interchanged, though the temperature distribution in medium changes greatly [11]. For

two different but respectively constant boundary emissivities, comparing curve 2 with curve 3 in Fig. 4(d) or (e), the

radiative flux changes greatly as the values of n1 and n2 changed. When the values of n1 and n2 are interchanged along
with the interchanging of the two boundary emissivities, however, the radiative flux keeps constant, as compared curve

2 in Fig. 4(d) with curve 3 in Fig. 4(e) or curve 3 in Fig. 4(d) with curve 2 in Fig. 4(e).
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4. Simultaneous radiative and conductive heat transfer in medium

4.1. Governing equation and discretized solution

At steady-state, the divergence of the heat flux in medium equals zero. For the simultaneous radiation and con-

duction heat transfer, it can be written as

divðqr þ qcÞ ¼ 0; ð42Þ

where qr and qc are the heat fluxes transferred by radiation and conduction, respectively. For an one-dimensional
problem, the divergences of them will be

divqr ¼ j 4n2ðzÞrT 4ðzÞ
�

� 2p
Z 1

l¼0
Imðz; lÞ½ þ Imðz;� lÞ�dl

�
; ð43Þ

divqc ¼ �k
d2T
dz2

: ð44Þ

The discrete form of Eq. (43) could be

divqr ¼ 4jrn2j 1

 "
�
B1jC0

j

2
�
BNjA0

j

2
� Bjj

2

!
T 4j � B1jC0

1 þ BNjA0
1

2
T 4b2 �

B1jC0
N þ BNjA0

N

2
T 4b1

�
Xj�1
k¼2

B1jC0
k þ BNjA0

k þ Bkj

2
T 4k �

XN�1

k¼jþ1

B1jC0
k þ BNjA0

k þ Bkj

2
T 4k

#
; ð45Þ

where the coefficients Bkj have been presented in [7]. By the finite difference method, Eq. (44) can be discretized as

divqc ¼ k
12T2 � 8Tb2 � 4T3

3Dz2
for j ¼ 2;

divqc ¼ k
2Tj � Tj�1 � Tjþ1

Dz2
for 36 j6N � 2;

divqc ¼ k
12TN�1 � 4TN�2 � 8Tb1

3Dz2
for j ¼ N � 1:

ð46Þ

Substituting Eqs. (45) and (46) into Eq. (42), we get the discrete energy equation of the simultaneous radiation and

conduction in medium. By linearizing T 4j in Eq. (45), and solving the algebraic equation set by an iterative solution, the
temperature Tj induced by the simultaneous radiation and conduction in medium can be finally obtained, and then, the

radiative flux of the simultaneous radiation and conduction heat transfer can be determined from Eq. (41).

Fig. 3. Reduced radiative flux at radiative equilibrium inside a slab with a constant optical thickness (Tb1 ¼ 1500 K and Tb2 ¼ 1000 K;

jd ¼ 1; e1 ¼ e2 ¼ 1:0; curves: 1. n1 ¼ 1:6; n2 ¼ 1:4 or n1 ¼ 1:4; n2 ¼ 1:6; 2. n1 ¼ 1:7; n2 ¼ 1:3 or n1 ¼ 1:3; n2 ¼ 1:7; 3.

n1 ¼ 1:8; n2 ¼ 1:2 or n1 ¼ 1:2; n2 ¼ 1:8; 4. n1 ¼ 1:9; n2 ¼ 1:1 or n1 ¼ 1:1; n2 ¼ 1:9; n1 ¼ n2 ¼ 1:5).
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4.2. Temperature and radiative flux of simultaneous radiation and conduction

Based on the deduction above, the steady-state simultaneous radiation and conduction heat transfer in a slab of

semitransparent medium is solved as follows. The thickness of the slab keeps a constant value of 1 cm, and the two

boundary temperatures are Tb1 ¼ 1500 K and Tb2 ¼ 1000 K, respectively. Four couples of medium thermal conduc-

tivity and absorptive coefficient combinations are considered. For each combination, a constant and two linear re-

fractive index distributions are discussed. The values of n1 and n2 of a linear refractive index distribution are

interchanged to obtain the other linear refractive index distribution, and the constant refractive index is the mean value

Fig. 4. Effects of optical thickness and refractive index distribution on the reduced radiative flux at radiative equilibrium (Tb1 ¼ 1500,

Tb2 ¼ 1000; curves: 1. n ¼ 1:5; 2. n1 ¼ 1:8, n2 ¼ 1:2; 3. n1 ¼ 1:2, n2 ¼ 1:8).
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of n1 and n2. Both black and gray boundary walls are considered for each case above. The temperature and radiative
flux results are shown in Figs. 5 and 6, respectively. It is necessary to point out that, the results for the medium with two

black boundaries and a linear refractive index distribution of n1 > n2 or a constant one have been presented also in [6],
and the results agree well each other, see Fig. 4(1) for example.

Fig. 5. Temperature distribution of the simultaneous radiation and conduction heat transfer in a slab (Tb1 ¼ 1500 and Tb2 ¼ 1000;

solid lines: n ¼ 1:5; dotted lines: n1 ¼ 1:8, n2 ¼ 1:2; dashed lines: n1 ¼ 1:2, n2 ¼ 1:8).

2684 X.-L. Xia et al. / International Journal of Heat and Mass Transfer 45 (2002) 2673–2688



Fig. 5 shows that, the combination of thermal conductivity and absorptive coefficient, the refractive index distri-

bution and the wall emissivities have significant influences on the temperature distribution in medium. Increasing the

wall emissivity of the high temperature boundary and/or decreasing that of the low temperature boundary can increase

the temperature level in medium. The influence of boundary wall emissivities on temperature distribution is very ob-

vious for a moderate absorptive coefficient and a small thermal conductivity combination (Fig. 5(c)), and becomes

almost neglectable for high absorptive coefficient coupled with not very small thermal conductivity (Fig. 5(d)).

Fig. 5 (continued)
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The temperature in the medium with n1 > n2 is higher than that with n1 < n2, and the temperature curve in the
medium with a constant refractive index of the mean value of n1 and n2 locates between the two temperature curves
(Figs. 5(a)–(d)). It may be explained as the total reflection inside the medium differing under different linear refractive

index. Because of the total reflection inside medium, for the case n1 > n2, the higher temperature boundary (boundary
1) has greater influences not only on the downward radiation transfer from boundary 1 toward boundary 2, but also on

the upward radiation transfer from boundary 2 toward boundary 1, and thus, the temperature level heightens. Simi-

larly, the linear refractive index with n1 < n2 will enhance the influence of low temperature boundary (boundary 2) on

radiation transfer and results in the drop of temperature level.

Fig. 6. Reduced radiative flux distribution of simultaneous radiation and conduction heat transfer in a slab (Tb1 ¼ 1500 and

Tb2 ¼ 1000; solid lines: n ¼ 1:5; dotted lines: n1 ¼ 1:8, n2 ¼ 1:2; dashed lines: n1 ¼ 1:2, n2 ¼ 1:8).
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As shown in Fig. 6, the radiative flux distribution in medium shows complicated dependency on the combination of

thermal conductivity and absorptive coefficient, the refractive index distribution and the wall emissivities. When the

thermal conductivity and absorptive coefficient are both small, the radiative flux varies slightly and is somewhat like the

distribution at radiative equilibrium (Fig. 6(a)). For the combination of a small thermal conductivity and a moderate

absorptive coefficient, the radiative flux distribution is almost flat in the central region of the medium (see Fig. 6(c)). As

the thermal conductivity increases, the coupling effect of radiation and conduction becomes obvious, and the radiative

flux distribution changes greatly in the whole region of the medium.

Fig. 6 (continued)
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5. Conclusions

By using the curved ray tracing technique in combination with the pseudo-source adding method, an exact ex-

pression of the radiative flux in semitransparent medium is deduced. The simultaneous radiation and conduction heat

transfer in a linear refractive index medium with diffuse and gray boundary walls is solved. The conclusions can be

drawn as following:

(i) The refractive index distribution, absorbing coefficient, thermal conductivity and the boundary wall emissivities

are combined to significantly influence the radiative flux and temperature distributions in the medium.

(ii) The radiative flux distribution of a simultaneous radiation and conduction in the medium differs greatly from

that at equilibrium. The latter is constant in medium for a given case, while the former usually varies nonlinearly.

(iii) Compared with the effect of a constant refractive index, a linear refractive index can either heighten or lower

the temperature in medium.

(iv) The influence of boundary wall emissivities on temperature distribution is very significant under a moderate

absorptive coefficient and a small thermal conductivity combination, and becomes almost neglectable under a

great absorptive coefficient and a not very small thermal conductivity.
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